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Abstract
We obtain explicit expressions for differential operators defining the action of the Virasoro algebra on
the space of univalent functions. We also obtain an explicit Taylor decomposition for Schwarzian derivative
and a formula for the Grunsky coefficients.
© 2007 Elsevier Masson SAS. All rights reserved.
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0.1. Virasoro algebra
Consider the Lie algebra Vect(S1) of vector fields on the circle |z| = 1, its basis Ln :=
−zn+1 d
dz
is numerated by integers, and
[Ln,Lm] = (n − m)Ln+m
Recall that the Virasoro algebra Vir is the extended Lie algebra Vect(S1); its generators are
Ln, where n ranges in Z, and ζ ; the commutation relations are
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(
n3 − n)δm+n,0ζ
[Ln, ζ ] = 0 (0.1)
0.2. Space of univalent functions K
Denote by K the space of all the functions
f (z) = z + c1z2 + c2z3 + · · ·
that are univalent in the disk |z| < 1. Recall that a function f is univalent, if z = u implies
f (z) = f (u). The standard references are [9,10].
0.3. Action of Virasoro algebra on K
According to A.A. Kirillov2 [12–14], the Lie algebra Vect(S1) acts on K via vector fields
described in the following way. Let v(z) ∂
∂z
be a real analytic vector field on the circle. Then the
corresponding tangent vector at a point f (z) ∈ K is
f (z)2
2πi
∫
|t |=1
f ′(t)2v(t) dt
f (t)2(f (t) − f (z)) (0.2)
The expression of the vector fields Lk in terms of differential operators in the coefficients ck is
L0 =
∑
k>0
kck
∂
∂ck
(0.3)
Lk = ∂
∂ck
+
∑
p>0
(1 + p)cp ∂
∂ck+p
(0.4)
L−k =
∑
p>0
{
1
(2πi)2
∫
|h|=1−
∫
|z|=δ
z−p−2f 2(z)f ′(h)2 dhdz
hk−1(f (h) − f (z))f 2(h)
}
· ∂
∂cp
(0.5)
=
∑
p>0
{
(k + p + 1)ck+p
+ 1
(2πi)2
∫
|z|=1−
∫
|h|=δ
z−p−2f 2(z)f ′(h)2 dhdz
hk−1(f (h) − f (z))f 2(h)
}
· ∂
∂cp
(0.6)
Here k > 0. The integral terms in (0.5), (0.6) differ by a position of a contour of integration; the
additional term in (0.6) appears since we move the contour through the pole z = h.
Also consider the series
∞∑
j=0
Qnz
n = z2
[
h
f ′(z)2
f (z)2
+ c
24
(
2f ′′′(z)
f ′(z)
− 3f
′′(z)2
f ′(z)2
)]
(0.7)
Then the operators (constructed in [18], 4.12)
L̂k := Lk, L̂−k := L−k + Qk (0.8)
2 In some (weak) sense, these vector fields are present in the work of Schiffer [23].
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[Ln,Lm] = (n − m)Lm+n + c12
(
n3 − n)δn+m,0
Also
L0 · 1 = h · 1, Lk · 1 = 0, for k > 0
In other words, these operators determine a highest weight representation of the Virasoro algebra
in the space of polynomials in variables c1, c2, . . . . The corresponding action of the group of
diffeomorphisms of the circle is obtained in [18], 4.12.
0.4. Some references
The domain K is an infinite-dimensional analogue of classical Cartan domains and apparently
the geometry and harmonic analysis on Cartan domains can be extended to K. Some elements of
this extension are known
– Kähler structure, Ricci tensor, [5,13].
– Reproducing kernels, [18], 4.9–4.10, in this paper they are named as ‘canonical cocycles’
(also [19]).
– There is a theory of Verma modules that are dual to a space of holomorphic functionals on
K, see [8], [22].
– There are attempts to construct reasonable measures on K as limits of diffusions [1,16]
– Analogs of Olshanski semigroups for K, [17,18].
0.5. Purpose of the work
It seems that the analysis on K requires some effective technique for manipulations with func-
tionals in Taylor coefficients, and we are trying to find some tools for this (see also [2–4]).
We are trying to write as explicitly as possible the expressions for the action of the Virasoro
algebra in terms of Taylor coefficients, i.e., (0.7), (0.5). It seems to us that these expressions are
simpler than it was reasonable to expect (these expressions are functions in an infinite number of
variables and they cannot be too simple); in any case factorial expressions for coefficients with
single quadratic factors in (3.1)–(3.2), (3.3)–(3.4), (3.6)–(3.7), (3.8)–(3.9) were unexpected for
us.
Also, we find a quasi-explicit expression for the Grunsky coefficients of univalent functions.
Our paper consists of manipulations with formal series and our main tool is the Waring
polynomials discussed in Section 1; but they are not present in final formulae in Section 3. Cal-
culations with Waring polynomials are contained in Section 2.
1. Preliminaries. Waring and Faber polynomials
Here we recall some standard definitions and some well-known facts.
1.1. Waring polynomials
Let
a = {aj } = (a1, a2, . . .)
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nomials as P0(a) = 1,
Pn(a) =Pn(a1, . . . , an), n = 1,2,3, . . .
by
exp
{
−
∞∑
j=1
1
j
aj z
j
}
=
∞∑
n=0
Pn(a)zn (1.1)
Then,
Pn(a1, . . . , an) =
∑
μ1,μ2,...,μn:
∑
jμj=n
(−1)
∑
μj
∏
j
1
jμj μj !
∏
j
a
μj
j
1.2. Faber polynomials
Let
h(z) = 1 + b1z + b2z2 + · · ·
We define the Faber polynomials
Qn(b) =Qn(b1, . . . , bn), n = 1,2, . . .
by
−zh
′(z)
h(z)
= −z d
dz
lnh(z) =
∑
n=1
Qn(b)zn (1.2)
Expanding lnh(z) = ln(1 + b1z + b2z2 + · · ·) into series, we obtain
1
n
Qn(b1, . . . , bn) =
∑
μ1,...,μn:∑ jμj=n
(−1)
∑
μj
(∑
μj − 1
)
!
∏ bjμj
μj !
Proposition 1.1. The maps
b1 =P1(a1), b2 =P2(a1, a2), b3 =P3(b1, b2, b3) . . .
and
a1 =Q1(b1), a2 =Q2(b1, b2), a3 =Q3(b1, b2, b3) . . .
are inverse.
Proof. Let
∑
aj z
j = −zh′(z)/h(z). Then
−
∑ aj
j
zj = lnh(z) ⇐⇒ exp
{
−
∑ aj
j
zj
}
= h(z) 
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Let xα be formal variables, α = 1,2, . . . . Denote by
pn(x) =
∑
α
xnα
the Newton sums. By
en(x) =
∑
i1<i2<···<in
xi1xi2 . . . xin
we denote the elementary symmetric functions.
Theorem 1.2 (Waring).
Pn
(−p1(x),p2(x), . . . , (−1)npn(x))= en(x), Qn(e1(x), e2(x), . . . , en)= (−1)npn(x)
Proof. The first statement.∑
Pn
(−p1, . . . , (−1)npn)zn = exp{∑ (−1)j−1
j
(
x
j
1 + xj2 + · · ·
)
zj
}
=
∏
α
exp
{∑
j
(−1)j−1
j
(xαz)
j
}
=
∏
α
(1 + xαz) =
∑
n
en(x)z
n
The second statement∑
k>0
Qk(e1, . . . , ek)zk = −z d
dz
ln
(
1 + e1(x)z + e2(x)z2 + · · ·
)
= −z d
dz
ln
∏
j
(1 + xj z) = −z d
dz
{∑
ln(1 + xj z)
}
= −
∑
j
zxj
1 + xj z =
∑
k
(−1)kzkpk(x) 
Remark. The Waring and the Faber polynomials and the Waring Theorem appeared in E. War-
ing’s book “Meditationes algebraicae” 1770 [26]. But it seems that the term “Waring polynomi-
als” is a neologism. Waring polynomials appear in mathematics in many situations, for instance
[6,7,15,25]. Characters of symmetric groups and inversion formula for boson-fermion correspon-
dence can be expressed in terms of these polynomials, [21].
The term ‘Faber polynomials’ also has a slightly different meaning; see the next subsection.
1.4. Faber polynomials Φn(z)
(See [24], see also [9].) Let
h(z) = 1 + b1z + b2z2 + · · ·
g(z) = zh(z−1)= z + b1 + b2z−1 + b3z−2 + · · ·
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−k
.The Faber polynomial Φn(z) is a polynomial of one complex variable z defined from the condi-
tion
Φn
(
zh
(
z−1
))= zn +∑
k>0
βnkz
−k (1.3)
Lemma 1.3.
Φn(z) =Qn(b1 − z, b2, . . . , bn)
Proof. (See also [4].) Denote by z = r(u) the function inverse to u = g(z) in a neighborhood of
infinity. The equation
zn = Φn
(
zh
(
z−1
))−∑
k>0
βnkz
−k
is equivalent to
r(u)n = Φn(u) −
∑
k>0
βnkr(u)
−k
Consider the Laurent expansion of r(u)n,
r(u)n = [un + pn−1un−1 + · · · + p0u0]+ {p−1u−1 + · · ·}
The expression in square brackets is Φn(u) and the expression in curly brackets is −∑k>0 βnkr(u)
Hence Φn(u) is given by the Cauchy integral,
Φn(u) = 12πi
∫
|w|=R
r(w)n dw
w − u where |R| is large and |u| < R also is large
After the substitution w = g(z), we obtain
Φn(u) =
∫
C
ζn d(g(ζ ) − u)
g(ζ ) − u (1.4)
Thus Φn(u) are the Laurent coefficients of ζ ddζ ln(ζh(ζ
−1) − u), and this easily implies our
statement. 
1.5. Grunsky coefficients
The Grunsky coefficients of a function
g(z) = z + b1 + b2z−1 + b3z−2 + · · ·
are the numbers βnk from the formula (1.3).
By (1.4),
1 +
∑
n>0
Φn
(
g(z)
)
ζ−n = ζg
′(ζ )
g(ζ ) − g(z)
Transforming the left-hand side by (1.3), we obtain
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n=1
∞∑
k=1
βnkz
−kζ−n = ζg
′(ζ )
g(ζ ) − g(z) −
ζ
ζ − z (1.5)
= ζ ∂
∂ζ
ln
(
g(ζ ) − g(z)
ζ − z
)
(1.6)
The Grunsky matrix {βnk} has a fundamental importance in the theory of univalent functions,
see [9–11]; it also defines a Vect(S1)-equivariant embedding of K to infinite-dimensional Cartan
domain (observation of D.V. Yuriev) and appears as an element in explicit formulae for repre-
sentations of the group of diffeomorphisms of circle in Fock space [18,20].
2. Expansions of some products
2.1. Let α1, α2, . . . ∈ C, αj = 0 for big j . Let μj ∈ C. Consider the weighted Newton sums
Tk(α,μ) = (−1)k
∑
μjα
k
j (2.1)
Lemma 2.1.∏
j
(1 + αj s)μj =
∑
l0
Pl (T1, T2, . . . , Tl)sl (2.2)
Proof.∏
j
(1 + αj s)μj = exp
{∑
j
μj ln(1 + αj s)
}
= exp
{∑
j
∑
k
(−1)k−1
k
μjα
k
j s
k
}
= exp
{
−
∑ 1
k
Tk(α,μ)s
k
}

2.2. Let μ2, . . . ,μ3, . . . ∈ C. Let μk = 0 starting at some number k. Denote
Np = Np(μ) := −
∑
j2
μj +
∑
j2, j divides p
jμj (2.3)
Lemma 2.2.∏
j2
(
1 − tj
1 − t
)μj
=
∑
l
Pl (N1,N2, . . . ,Nl)t l (2.4)
Proof.∏
j2
(
1 − tj
1 − t
)μj
= exp
{
−
(∑
μj
)
log(1 − t) +
∑
μj log
(
1 − tj )}
= exp
{(∑
μj
)∑
k1
tk
k
−
∑
j
μj
∑
m1
tjm
m
}
(2.5)
The coefficient in tk in the curly brackets is
1
k
∑
μj −
∑ j
k
μjj divides k
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exp
{∑
k1
−Nk(μ)
k
tk
}
This implies the desired statement. 
2.3. Let m := (m1,m2, . . .) be a sequence of non-negative integers, and mk = 0 for suffi-
ciently large k. Denote
cm := cm11 cm22 . . .
|m| := m1 + m2 + · · · , ‖m‖ :=
∑
jmj
Lemma 2.3. (a) Let
f (ξ) = A0 + A1ξ + A2ξ2 + · · ·
θ(z) = c1z + c2z2 + · · ·
Then
f
(
θ(z)
)=∑
m
A|m|
|m|!∏
mj !c
mz‖m‖ (2.6)
(b) (1 + θ(z))p =∑
m
p(p − 1) . . . (p − |m| + 1)∏
mj ! c
mz‖m‖ (2.7)
Proof. (a) is easily deduced from multinomial identities, (b) is a special case of (a). 
2.4. Consider formal series φ, ψ having the form
φ(z) = 1 + c1z + c2z2 + · · ·
ψ(z) = α1c1z + α2c2z2 + · · ·
Lemma 2.4. Let k be positive integer, p ∈ C. Then
ψ(z)kφ(z)p = k!
∑
m
p(p − 1) . . . (p + k − |m| + 1)∏
mj ! Pk(T1, . . . , Tk)c
mz‖m‖ (2.8)
where Tk(α,m) are given by (2.1).
Proof. Denote
U := (sψ(z) + φ(z))k+p =:∑Hjsj (2.9)
Assume additionally, that
p = −1,−2,−3, . . . (2.10)
Then
ψ(z)kφ(z)p = k! Hk
(p + 1)(p + 2) . . . (p + k)
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U = (1 + (1 + α1s)c1z + (1 + α2s)c2z2 + · · ·)k+p
We expand this expression in z by (2.7),
U =
∑
m
(p + k)(p + k − 1) . . . (p + k − |m| + 1)∏
mj !
∏
(1 + αj s)mj · cmz‖m‖
Then we extract the coefficient in front of sk by (2.2).
Since the final formula is continuous in p, we can omit the assumption (2.10). 
Remark. From (2.2), if k > |m|, then Pk(T1, . . . , Tk) = 0. If k = |m|, we understand
p(p − 1) · · · (p + k − |m| + 1) in (2.8) as 1.
Remark. Our calculations allow us to obtain the Taylor expansion of functions
ψ(z)kφ(z)p
(
lnφ(z)
)m = ∂m
∂pm
ψ(z)kφ(z)p
In fact, we must differentiate only the Pochhammer symbols in p.
2.5. Now, let θ(z) = z + c1z2 + · · · , let H(1 + ξ) = A0 + A1ξ + · · · .
Lemma 2.5.
H
(
θ(z) − θ(u)
z − u
)
=
∑
m
A|m|
|m|!cm∏
mj !
∑
p,q:p+q=‖m‖
Pp(N˜1, . . . , N˜p)zpuq
where N˜p are modified Np from (2.3)
N˜p = Np(μ) with μj = mj−1 for j  2
Proof. We must decompose
A0 +
∑
j>0
Aj
(
c1
z2 − u2
z − u + c2
z3 − u3
z − u + · · ·
)j
The coefficient in c|m| is
A|m|
|m|!∏
mj !
∏
j1
(
zj+1 − uj+1
z − u
)mj
and we apply Lemma 2.2. 
3. Formulae for univalent functions
3.1. Schwarzian derivative
Let m = (m1,m2, . . .) be the same as above. Denote
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∑
mj
M1 = ‖m‖ =
∑
jmj
M2 =
∑
j2mj
Proposition 3.1. (a) Let
f (z) = z + c1z2 + c2z3 + · · ·
Then
zp+2f ′(z)2
f (z)p+2
=
∑
m
am(p)
cm∏
mj !z
‖m‖ (3.1)
where
am(p) = (−1)|m| (p + |m| − 1)!
(p + 1)! ·
{
p(p + 1) + M21 − 2(p + 1)M1 − M2
} (3.2)
and a0(p) = 1
(b) z
pf ′′(z)
f (z)p
=
∑
m
bm(p)
cm∏
mj !z
‖m‖ (3.3)
where
bm(p) = (−1)
|m|+1(p + |m| − 2)!
(p − 1)! ·
{
M1 + M2
} (3.4)
(c) For the Schwarzian derivative,
Sf (z) = 2f
′′′(z)
f ′(z)
− 3f
′′(z)2
f ′(z)2
(3.5)
we have the expansion
z2Sf (z) =
∑
m
dm
cm
∏
(j + 1)mj∏
mj ! · z
‖m‖ (3.6)
where
dm = (−1)|m|
(|m| − 1)! · {M2 − 3M21 + 2M1} (3.7)
In particular, the statement (a) with p = 0 and the statement (c) gives explicit expressions for
the terms Qn in (0.7). The coefficients when p = 0 in (a) for any p ∈ Z and up to ‖m‖ = 5 have
been explicited in [1] (A.1.7).
Proof. (a) We have the expression
[1 + (2c1z + 3c2z2 + · · ·)]2
(1 + c1z + c2z2 + · · ·)p
We apply Lemma 2.4 to the functions φ(z) := f (z)/z = 1+c1z+c2z2 +· · · and ψ(z) := f ′(z)−
1 = 2c1z + 3c2z2 + · · ·
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z−1 1 · 2c1z + 2 · 3c2z
2 + 3 · 4c3z3 + · · ·
(1 + c1z + c2z2 + · · ·)p
We apply Lemma 2.4 to φ(z) = f (z)/z, ψ(z) = zf ′′(z)
(c) follows from (a), (b). The factor (1 + j)mj appears since in our case φ(z) = f ′(z). 
3.2. The operators L−k
Proposition 3.2. The vector field L−k at a point f in K is given by
∞∑
j=0
∑
m: ‖m‖=j+k+1
am(j + 1) c
m∏
mj !f (z)
j+2 (3.8)
or by
z1−kf ′(z) −
k∑
j=0
∑
m: ‖m‖=k−j
am(−j) c
m∏
mj !f (z)
1−j (3.9)
where the coefficients a are given by (3.2).
Proof. First formula. We must evaluate the integral (0.2) with v(t) = t−k+1, i.e.,
1
2πi
∫
|t |=1
f 2(z)f ′(t)2 dt
tk−1(f (t) − f (z))f 2(t) (3.10)
We emphasise that the integrand is defined for 0 < |z| < 1, 0 < |t | < 1, z = t . Since the expres-
sion is analytic in z, we can imagine that |z| is as small as we want. We assume∣∣f (z)∣∣< min|t |=1∣∣f (t)∣∣
(since f is univalent, by the Koebe–Bieberbach Theorem the last minimum  1/4, see [9,10]).
Thus it is sufficient to expand the expression
f 2(z)f ′(t)2
(f (t) − f (z))f 2(t) (3.11)
into a Laurent series∑
Ukt
k−2
in the domain |z| < ||, 1 − δ < |t | < 1 with small , δ. The coefficients Uk with positive k are
the vector fields L−k . We transform (3.11) to
f (z)2f ′(t)2f (t)−3
(
1 + f (z)
f (t)
+ f (z)
2
f (t)2
+ · · ·
)
=
∞∑
j=0
f ′(t)2
f (t)j+3
f (z)j+2
and we apply Proposition 3.1(a).
The second formula. We fix z = 0 and move the contour of integration in (3.10) to the position
|t | = . Passing through the pole t = z, we obtain
z1−kf ′(z) + 1
2πi
∫
f 2(z)f ′(t)2 dt
tk−1(f (t) − f (z))f 2(t)
|t |=
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1 − δ < |z| < 1.
−f (z)f ′(t)2f (t)−2
(
1 + f (t)
f (z)
+ f (t)
2
f (z)2
+ · · ·
)
= −
∞∑
j=0
f ′(t)2f (t)j−2f (z)1−j
Now we apply Proposition 3.1(a). Since we are interested only in terms with powers of t that are
positive and less than k, only a finite number of terms in (3.9) be present. 
3.3. Grunsky coefficients
Proposition 3.3.
βnk = n
∑
m: ‖m‖=n+k, m1=0
(|m| − 1)!∏
mj ! Pk−|m|(L1, . . . ,Lk−|m|)b
m
where Lk = Nk(m3,m4, . . .) with N given by (2.3).
Proof. For g(z) = z + b1 + b2z−1 + b3z−2 + · · · , we expand
ln
g(z) − g(ζ )
z − ζ = ln
(
1 + b2 z
−1 − ζ−1
z − ζ + b3
z−2 − ζ−2
z − ζ + · · ·
)
= ln
(
1 − b2z−1ζ−1 z
−1 − ζ−1
z−1 − ζ−1 − b3z
−1ζ−1 z
−2 − ζ−2
z−1 − ζ−1 + · · ·
)
The coefficient of this expression in bm = bm22 bm33 . . . is
− (|m| − 1)!∏
mj ! (zζ )
−|m| ∏
j3
(
z−(j−1) − ζ−(j−1)
z−1 − ζ−1
)mj
= − (|m| − 1)!∏
mj ! (zζ )
−|m|∑
j0
Pj (L1, . . . ,Lj )z−j ζ−(‖m‖−2|m|−j)
we take n = ‖m‖ − |m| − j, k = |m| + j and this is our statement. 
Acknowledgements
This work issues from discussions while Yu. Neretin visited the University of Picardie Jules
Verne and the LAMFA CNRS UMR 6140 (Amiens) in February 2006.
References
[1] H. Airault, P. Malliavin, Unitarizing probability measures for representations of Virasoro algebra, J. Math. Pures
Appl. 80 (6) (2001) 627–667.
[2] H. Airault, J. Ren, An algebra of differential operators and generating functions on the set of univalent functions,
Bull. Sci. Math. 126 (2002) 343–367.
[3] H. Airault, A. Bouali, Differential calculus on the Faber polynomials, Bull. Sci. Math. 130 (2006) 179–222.
[4] A. Bouali, Faber polynomials, Cayley–Hamilton equation and Newton symmetric functions, Bull. Sci. Math. 130
(2006) 49–70.
[5] M.J. Bowick, S.G. Rajeev, String theory as the Kähler geometry of loop space, Phys. Rev. Lett. 58 (6) (1987)
535–538.
H. Airault, Y.A. Neretin / Bull. Sci. math. 132 (2008) 27–39 39[6] N.G. Chebotarev, Galois Theory, Glavnaya redaktsiya obshchetehnicheskoj literatury i nomografii, Moscow–
Leningrad, 1936 (in Russian). German translation: N. Tschebotaröw, Grundzüge der Galois’schen Theorie, P. No-
ordhoff, Groningen, 1950.
[7] F. Faa di Bruno, Note sur un nouvelle formule de calcul differentiel, Quart. J. Pure Appl. Math. 1 (1857) 359–360.
[8] B.L. Feigin, D.B. Fuks, Verma modules over a Virasoro algebra, Funct. Anal. Appl. 17 (3) (1983) 241–242.
[9] P.L. Duren, Univalent Functions, Springer-Verlag, New York, 1983.
[10] G.M. Goluzin, Geometric Theory of Functions of a Complex Variable, Translations of Mathematical Monographs,
vol. 26, American Mathematical Society, Providence, RI, 1969.
[11] H. Grunsky, Koeffizientenbedingungen fur schlicht abbildende meromorphe Funktionen, Math. Z. 45 (1939) 29–61.
[12] A.A. Kirillov, Kähler structure on the K-orbits of a group of diffeomorphisms of the circle, Funct. Anal. Appl. 21 (2)
(1987) 122–125.
[13] A.A. Kirillov, D.V. Yur’ev, Kähler geometry of the infinite-dimensional homogeneous space M =
Diff+(S1)/Rot(S1), Functional Anal. Appl. 21 (4) (1987) 284–294.
[14] A.A. Kirillov, Geometric approach to discrete series of unireps for Virasoro, J. Math. Pures Appl. 77 (1998) 735–
746.
[15] I.G. Macdonald, Symmetric Functions and Hall Polynomials, second ed., Oxford Science Publication, 1995.
[16] P. Malliavin, Heat measures and unitarizing measures for Berezinian representations on the space of univalent
functions in the unit disk, in: Perspectives in Analysis, in: Math. Phys. Stud., vol. 27, Springer, Berlin, 2005,
pp. 253–268.
[17] Yu.A. Neretin, On a complex semigroup containing the group of diffeomorphisms of the circle, Funct. Anal.
Appl. 21 (2) (1987) 160–161.
[18] Yu.A. Neretin, Holomorphic extensions of representations of the group of the diffeomorphisms of the circle, Math.
USSR Sbornik 67 (1) (1990) 75–97.
[19] Yu.A. Neretin, Categories enveloping infinite-dimensional groups and representations of category of Rie-
mannian surfaces, Thesis, Russian doctoral degree, Steklov Institute, 1992; available via http://www.mat.univie.
ac.at/~neretin/disser.html.
[20] Yu.A. Neretin, Categories of Symmetries and Infinite-Dimensional Groups, Oxford Science Publications, The
Clarendon Press, Oxford University Press, New York, 1996.
[21] Yu.A. Neretin, Structures of boson and fermion Fock spaces in the space of symmetric functions, Acta Appl.
Math. 81 (1–3) (2004) 233–268.
[22] Yu.A. Neretin, Representations of Virasoro and affine Lie algebras, in: Encyclopedia of Mathematical Science,
vol. 22, Springer, Berlin, 1994, pp. 157–225.
[23] M. Schiffer, Variation of the Green function and theory of the p-valued functions, Amer. J. Math. 65 (1943) 341–
360.
[24] M. Schiffer, Faber polynomials in the theory of univalent functions, Bull. Amer. Math. Soc. 54 (1948) 503–517.
[25] I. Schur, On Faber polynomials, Amer. J. Math. 67 (1945) 33–41.
[26] E. Waring, Meditationes Algebraicae, Translated from the Latin original (Cambridge, 1770), edited and with a
foreword by D. Weeks, American Mathematical Society, Providence, RI, 1991.
